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Abstract. We construct quasiconformal mappings in Euclidean spaces by 
integration of a discontinuous kernel against doubling measures with suitable 
decay. The differentials of mappings that arise in this way satisfy an isotropic 
form of the doubling condition. We prove that this isotropic doubling condi- 
tion is satisfied by the distance functions of certain fractal sets. Finally, we 
construct an isotropic doubling measure that is not absolutely continuous with 
respect to the Lebesgue measure. 



1. Introduction 

Given a nonatomic positive Radon measure /j, on K, define an increasing function 
ffi{x) = J dfi(z), so that /' = /i in the sense of distributions. It is well-known that 
H is doubling if and only if / M is quasisymmetric. We extend this relation between 
doubling measures and quasisymmetric mappings to higher dimensions. Observe 
that 

fM = \ I (f^ + ni^- 

2 Jr [\x-z\ \z\) 
For a nonatomic Radon measure /i on R™, n > 1, we define f ^ : R" — >■ R" by 



2J R " V\x-z\ \z\) 

where |-| is now interpreted as the Euclidean norm. When n > 2 the integrand 
in p.ip is not compactly supported with respect to z. The integral (|1.1[) converges 
provided that /i satisfies the decay condition 

(1.2) / \z\~ l dix{z) < oo. 

J\z\>l 

For < 7 < n, let 

Tjli(x) = / \x — z\ J ~ n dfi(z) 

be the Riesz potential of /i of order 7. Condition (|1.2p is equivalent to I„__i/i being 
finite almost everywhere. Here and in the sequel the words "almost everywhere" 
or "a.e." refer to the Lebesgue measure. A positive Radon measure fi on R™ is 
called doubling if there is a constant C > 1 such that n(2B) < C^i(B) for every 
ball B C R™. Here 2B stands for the ball that has the same center as B and twice 
its radius. 
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(1.3) 



Theorem 1.1. Let [i be a doubling measure on R n that satisfies the decay condi- 
tion ([1.2)1 . The mapping / M defined by ([1.1)1 is rj-quasisymmetric with r) depending 
only on the doubling constant of /j,. Furthermore, is S-monotone and for a.e. 
x e M" 

1 

12C3" 

where C is the doubling constant of /x. 

Theorem 11.11 expands the class of weights that are known to be comparable 
to Jacobians of quasiconformal mappings. The quasiconformal Jacobian problem 
posed by David and Semmes in [9j asks for a characterization of all such weights 
(see also [31 El El [TS1 [TS] ) . The authors of [5] point out that such a characterization 
would give a good idea of which metric spaces are bi-Lipschitz equivalent to R n . 

A mapping /: R n — ► R™ is called monotone if (F(x) — F(y),x — y) > for all 
x,y € R", where (•, •) is the inner product [27] . In other words, F is monotone if 
the angle formed by the vectors F(x) — F{y) and x — y is at most tt/2. A stronger 
version of this condition, introduced by Sobolevskii in )19j , requires the angle to be 
bounded by a constant less than tt/2. 

Definition 1.2. Let S £ (0, 1]. A mapping F from a convex domain f2 C R™ into 
R™ is called (5-monotone if for all x, y € SI 

(1.4) (F(x)-F(y),x-y)>S\F(x)-F(y)\\x-y\. 

Let SI be a domain in R™. An injective mapping / : SI — ► R™ is called 77-quasi- 
symmetric if there is a homeomorphism 77 : [0, 00) — * [0, 00) such that 

/ x \f(x)-f(z)\ f\x-z\\ n \ r ~i 

(L5) Frai s nW)' « n .*.»^\w- 

In the case n > 2, / is called if-quasiconformal if / G M^o^C^i ^™) anc ^ ^ ne operator 
norm of the derivative Df satisfies ||D/(x)|| n < K det Df(x), a.e. in fl for some 
JC>1. 

Every sense-preserving quasisymmetric mapping /: R n — > R™, n > 2, is qua- 
siconformal and vice versa ([TH Ch. 10], [2H p- 98]). The following result relates 
S- monotone and quasisymmetric mappings. 

Theorem 1.3. [141, Theorem 4] Suppose that n > 2 and f: fi — > R™ is a non- 
constant 5-monotone mapping. If B is a closed ball such that 2B C SI, t/ien / is 
rj-quasisymmetric on B with 77 depending only on S. 

Quasiconformality is known to be related to the doubling condition in several 
ways [5[[T7J[5U]. For example, if /: R" — > R™ is quasiconformal, then ||D/|| n is a 
doubling weight, and moreover an A m weight [10) . Consequently, ||-D/|| is doubling 
as well. Since (5-monotonicity is a stronger property than quasiconformality, one can 
expect that the differential of a (5-monotone mappings exhibits a stronger doubling 
behavior. Our Theorem 11.51 confirms this. Before stating it, we observe that a 
Radon measure fi is doubling if and only if there exists a constant A such that 

A -i < MQO < A 
~ M(Q 2 ) " 

for any congruent cubes Q\ and Q2 with nonempty intersection. Recall that two 
subsets of R" are called congruent if there is an isometry of R n that maps one of 
them onto the other. 
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Definition 1.4. A Radon measure /i on R™ is isotropic doubling if there is a 
constant A > 1 such that 

(i.6) A -i<!jm< A 

whenever Ri and i?2 are congruent rectangular boxes with nonempty intersection. 

Theorem 1.5. Let f : R" — * R n be a nonconstant 5-monotone mapping, n > 2. 
Then the weight \\Df\\ is isotropic doubling. 

The requirement l|1.6j) for all boxes regardless of their orientation and aspect 
ratio imposes a very strong condition on the measure when n > 2. In particular, in 
any cube the projection of an isotropic doubling measure to any (n— l)-dimensional 
face of the cube is comparable to the (n — l)-dimensional Lebesgue measure 
fLemma l3.1j) . 

Theorem 1.6. For every n > 2 there exists an isotropic doubling measure fi on 
1" that is purely singular with respect to C n . 

Theorem 1.7. For every n > 2 there exists an isotropic doubling measure /i on R™ 
and a bi-Lipschitz mapping f: R™ — > R™ such that the pushforward measure f#n is 
not isotropic doubling. 

Theorems ll.l[ 11.51 11.61 and 11.71 are proved in sections [2j [3j [5] and El respectively. 
We also prove that the distance functions of certain fractal subsets of R n give 
rise to isotropic doubling weights (Proposition 13. 6| . By virtue of this result, the 
sets constructed by Semmes [18] and Laakso [16] provide examples of isotropic 
doubling weights that are not comparable to ||-D/|| for any 5-monotone, or even 
quasiconformal, mapping /: l n — > R™. 



2. Doubling measures and monotone mappings 

The balls, cubes, and rectangular boxes considered in this paper are assumed 
closed. A nonnegative locally integrable function on R n is called a weight. A 
weight is doubling if the measure w(x)dC n (x) is doubling, where C n is the n- 
dimensional Lebesgue measure. Throughout the paper we only consider positive 
nonzero measures. 

In this section we study the mapping defined by (|1.1|) . In particular, we prove 
Theorem 11.11 and its more general version, Theorem l2.ll Given three distinct points 
x,y,z S R™, let l(x, y, z) — \x — y\ + \x — z\ + \y — z\ denote the perimeter of the 
triangle xyz. Also let zxy be the angle between the vectors y — x and z — x, and 
define 

t(x, y, z) := it — max{ziy, zyx}. 

Theorem 2.1. Let 51 C M™ be a convex domain, n > 2. Let /i be a nonatomic 
Radon measure on R" that satisfies (|1.2|) . Suppose that there exists k > such that 

(2.1) liminf ( I T 2 (*,V,*)dtiz) \ I ( j r{x y,z)dy{z) \ ^ ^ 

y-* x \Jw l(x,y,z) ) I \J Rn l(x,y, z) ) 

for all x £ fl. Then is 5-monotone in Q, with 5 = k/(2it 2 ). 
The proof is preceded by an elementary lemma. 
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Lemma 2.2. Fix z £ K n and define g z (x) = (x — z)/\x — z\ for x € 1" \ {z}. For 
any distinct points x,y € R™ \ {z} we have 

2.2 -i V x, y, z) < g z (x) - ^ (y) < -j y -\r x, y, z) 

nl(x,y,z) l{x,y,z) 

and 

2\x-y\ 2 f , 2 ^ / / n /x v ^ 4|x-y| 2 2 

2 - 3 ) ~TTi T T a; ^>2 <{9z{x)-gz{y),x-y) < T , -r(x,y,z . 

ir 2 l(x,y,z) l{x,y,z) 

Proof. First we prove (|2.2p . By the sine theorem 

sin xzy sin zyx + sin zJS 

2 - 4 1 7 = 1 ^1 i T- 

\x-y\ \x-z\ + \y-z\ 

Express the sum of sines as a product: 

, . . . . . xzy zyx — zxy 

(2.5) sin zyx + an zxy = 2 cos — — cos . 

Combining (|2.4[) . (|2.5[) . and the identity sinxzy = 2 sin C os ^|^, we obtain 

sin^ cos 

(2.6) - - 



\x-y\ \x-z\ + \y-z\' 
The definition of g z implies 

\gz{x) -9z{y)\ =2sin — , 
which together with (|2.6|) yield 

(2.7) = 1 2 '; + 7' , cos^-^. 

|X z| t |j/ — *| z 

By the triangle inequality 

(2.8) -l{x, y, z) < \x -z\ + \y-z\< l(x, y, z). 
Therefore (|2.2p will follow from (|2.7p once we prove that 

2.9) -r(x, y, z) < cos < t(x, y, z). 

Let a = maxjzxj/, zyx}. We have 

zyx — zxy a 7r — a 2 7r — a 1 

cos > cos — = sin > = —r(x, y, z), 

2 ~ 2 2 ~ 7T 2 7T y ' ; ' 



which proves the first inequality in (|2.9|) . The second inequality is trivial when 
a < 7r/2, because then r(x, y, z) = it — a > 1. If a > 7r/2, then 

zyx — zxy a — (jr — a) 
cos < cos = sm(7r — a) < n — a = r(x, y, z). 

This proves (J37JJ and J27J). 
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The proof of ()2.3|) involves the identity cos a + cos f3 = 2 cos cos as 
follows: 



(9z(x) -g z (y),x- y) 



(z-x,y-x) (z-y,x-y) 

\x-z\ \y-*\ 

— (cos zxy + cos xyz)\x — y\ 

. xzy zxy-xyz 

= 2 sin — — cos \x — y\ 

2 2 1 1 

= \9z(x) - g z (y)\\x-y\ cos - . 

Applying (|2.7p we obtain 

(2.10) ( 9z (x) - g z (y),x- y) = , 2lX ~f , cos 2 

\x-z\ + \y-z\ 2 

This together with $2JS$) and (|2jl|) imply (J2l3j). □ 
Proof of Theorem 12.11 . Since 

fii(x) - fn{y) = - jf - .g 2 (y)) cfyi(z), 

Lemma 12.21 implies the following inequalities. 

(2.11) \U{x)-Mv)\<*\*-v\l 7rr4 d MW; 

Jr« l(x,y,z) 

^\*-y\ 2 [ ^ Z t d»(z) < {U(x) - / /t (y), x-y) 
(2-12) V ; w? 

<2\z-y\* TpML M z). 
jR n L \ x ,y,z) 

Choose a number k' so that < k' < k. Combining (|2.1ip . (|2.12p . and (|2.1[) . we 
conclude that for every x £ there exists e(x) > such that 

(2.13) (Ux) - - y) > ^\U(x) - U(y)\\x - y\ 

whenever \x — y\ < s(x). Next, let x and y be any distinct points in f2. The line 
segment [x,y] is covered by open balls B(z, e(z)/2), z 6 [x,y]. Choose a finite 
subcover with centers Zj = y + tj(x — y), = to <t% < ■ ■ ■ < t^ = 1. Then 

JV 



(//*(» - U(y),x-y) = ^2(fn{zj) - f^Zj-^^-y) 
3=1 
/ w 



3=1 

Letting k' —> k completes the proof. □ 

Proof of TheoremUj} Let C be such that fi(2B) < C^i(B) for any ball B C E™. 
Given two distinct points x, y € R" and r > 0, choose a point w € M" so that x — u; 
is orthogonal to x — y and \x — w\ = r/2. It is easy to see that t(x, y, z) > ir/3 
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for all z e B(w,r/4). Since B(x,r) C B(w,3r/2) C &B{w,r/4), it follows that 
fi(B(x,r)) < C 3 /j,(B(w,r /4)). Using this together with the inequality 

\x- z\ + \x-y\< l(x,y,z) < 2(\x -z\ + \x- y\), 

we obtain 

( 214 ) j Mz) < /' ''/'< • ! _ li(B[.c.r))<lr 

and 



l(x,y,z) J^n \x- z\ + \x-y\ J (r + \x - y\) 2 
T(x,y,z) 2 , , w t: 2 f°° n(B(x,r))dr 



f T[x,y,z) , N ir f 

2.15 / .) 7 ; d/x z) > / 

J Rn l(x,y,z) 6C 3 J 

Therefore, /i satisfies a stronger condition than (|2.ip , namely 

(2.16) / ^2lA Mz) > c /" *»(*) 



y|) 2 ' 



l(x,y,z) J Rn l{x,y,z) 

for any distinct points x,y £ R™. Here c = 7r 2 /(6C 3 ). By Theorem l2. li the mapping 
fij, is (5-monotone, and therefore 7/-quasisymmetric. Here rj depends only on 5, which 
in turn depends only on C. 

It remains to prove (|1.3p . Since l(x, y, z) > 2\x — z\, inequality (|2.1ip implies 

(2.17) lim sup \M^LJlMl < 7rl n ^(x), xen. 

y^x \x-y\ 

Inequalities (|2~T2| and pTT6j) yield 

Uminf m^M> i liminf /■ m*) 



v^ x \x-y\ 6C 3 y R n l(x,y,z) 

For any e > the limit 

lim 



y^x l(x, y, z) 2\x — z\ 
is uniform with respect to z £ R™ \ B(x, e). Therefore, 

Uminf / Mz \ > f Mz) 



y^x y R „ l{x,y,z) J Rn \ B(x e) 2\x - z\ 
Letting e — ► yields 

(2.18) liminf ^^M! > _L_x n _ lM(a;); x e fi, 

because has no atoms. Combining the estimates f|2 . and (|2.18[) . we conclude 
that (jl.3p holds whenever / M is differentiable at x. □ 



Remark 2.3. Condition (|2.ip is close to being best possible for the (5-monotonicity 
of / M in Theorem O in view of f23|l . (|23]l . and l[2"T2j) . The proof of Theorem O 
shows that condition (|2.16p is sufficient for the validity of |T 



Since the assumption (12. ip in Theorem 12.11 is hard to verify directly, we state 
a simpler condition that implies it. Given a line L in R™ and a point x e L, let 
S a (x, L) be the double-sided cone of opening angle a € (0, 7r/2) with vertex x and 
axis L. Formally, z S S a (x,L) if and only if the acute angle between the vector 
z — x and the line L is at most a. We also introduce a notation for spherical shells 
A(x, r, R) = {z : r < |z - x| < i?}. 
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Proposition 2.4. Let \i be a nonatomic Radon measure on K™. Suppose that there 
exist constants a £ (0,7r/2), C > 0, and M > 1 such that for any line L C K" , any 
x £ L and any r > we have 

(2.19) /i(A(x,r,2r)) < C/i(A(ir, M~ 1 r, 2Mr) \ S a (x, L)). 
Then the measure \x satisfies (|2.16p and consequently (|2.1|) . 

Proof. Without loss of generality we may assume that M = 2 m for some integer m. 
Given y £ M. n \ {x}, let L be the line through x and y. Inequality (|2.19| implies 

(2.20) / , Mz) , < a f Mz) 



j„ l(x, y, z) Jn»\s a (x,L) Kx, y, z) 

where C\ depends only on C and M. Indeed, 

dfi(z) f d/j,(z) ^ n(A(x,2 k ,2 k+1 )) 



l(x,y,z) ^Ja^^^hi) l(x,y,z) ^ 2 k + \x-y 
~ ^ 2 k + \x~y\ 



c?/i(z) 



which proves (12.201) . Since r(x,y,z) > a for all z £ S a (x,L), estimate ()2.20p 
implies ([2~T6]) . □ 

Any doubling measure satisfies (|2.19p . because the set A(x, r, 2r) \ S a (x, L) con- 
tains a ball of radius comparable to r. The following result shows that (|2.19p is 
satisfied by some non-doubling measures as well. 

Proposition 2.5. Let v be a doubling measure on W 1 , n > 2. Define a measure \x by 
setting fJ,(E) = v(E \ B(0, 1)). Then jj, satisfies the assumptions of Proposition^ 



Proof. Fix x G R" and r > 0. If A(x,r,2r) C B(0, 1), then (|2~T9| holds. Suppose 
that there is a point y £ A(x,r,2r) \ B(0,1). Let y 1 = y + 4ry/\y\. Note that 
B(y', 2r)nB(0, 1) = and 2r < \y' — x\ < 6r. For every line L through x there is a 
point z 6 B(y',r) such that dist(z,L) > r. It follows that B(z,r/2)r\S a (x,L) = 
for sufficiently small absolute constant a. Therefore, 

B(z, r/2) C A(x, r/4, 8r) \ S a (x, L). 

Furthermore, fi{B(z, r/2)) = v{B(z, r/2)) because B{z, r/2) C B(y', 2r). Using the 
doubling property of v we obtain 

v{B{z,r/2)) > G'v(B(x,2r)) > fj,(A(x,r,2r)) 

where C depends on the doubling constant of v. □ 

Example 2.6. The measure /i defined by the weight 



w(x) 



f , M > 1, 

M<i, 



satisfies the assumptions of Theorem 12.11 whenever — n < p < 1 — n. However, fi is 
not a doubling measure. 
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Remark 2.7. For any 7 6 (n— 1, n) and every Radon measure n the Riesz potential 
Xy/z is comparable to \\Df\\ for some quasiconformal mapping /: M. n — > M n , pro- 
vided that I^ii(x) ^ 00 |15l Lemma 4.1]. By the composition formula for Riesz po- 
tentials [21[ p. 118] we have Xy/x = CX„_iX 7 _ n+ i/i for some constant C = C(n, 7). 
Since 2" 7 _ n +i/i is a doubling measure, and even an Ai-weight, Lemma 4.1 in |15j 
also follows from Theoremll.il 



Remark 2.8. In [7] Bonk, Heinonen, and Saksman used quasiconformal flows to give 
another class of weights that are comparable to quasiconformal Jacobians. These 
are weights of the form 

(2.21) w(x)—exp<- log\x — z\ d/j,(z 

where fj, is a signed Radon measure of sufficiently small total variation. Neither of 
the classes of weights in Theorem 1 1.1 1 and equation (I2.21|) is contained in the other 



It is possible that the relation between Riesz potentials and Jacobians of quasi- 
conformal mappings can be extended beyond the results presented here. 

Question 2.9. Let n > 2, < 7 < n, and let fi be a Radon measure on M™ such 
that ZyjU ^ 00 . Does there exist a quasiconformal mapping /: M. n — > K n such that 
C Zy/z < det Df < C2" 7 /i, a.e. for some constant C? 

By Gehring's theorem [10[ Theorem 1] every quasiconformal mapping / on R™ 
satisfies € Lf oc for some p > n. This and Theorem 11.11 immediately imply 

the following result. 

Corollary 2.10. If /j, is a doubling measure on R™, n > 2, then the Riesz potential 
T n -\pL is either infinite at every point or is in L^ oc (IR™) for some p > n. 

Corollary 12. 101 is probably known, although we could not find a reference. 
3. Isotropic doubling measures 



In this section we prove Theorem 11.51 and give several examples of isotropic dou- 
bling measures. It is clear that any weight w <E L ca (M n ) such that essinf ie R« w(x) > 
is isotropic doubling. 

Lemma 3.1. Suppose that a measure satisfies (|1.6j) . and n > 2. Then: 
(i) For any congruent rectangular boxes R\,R% C W 1 



(3.1) A'" 1 < < A m , where m 



dist(i?x,i? 2 ) 



diam(i?i) 

(ii) Let Q C M™ be a cube, and let F be a face of R. The pushforward tt#[1\q of 
/i|Q under the orthogonal projection it: Q — > F is comparable to C^f 1 with 
constants that depend only on n and A. 

Proof. (JTJ) There exist congruent boxes So, ... , S m such that Sq = R±, S rn = R2, 
and Si n Si-i 7^ for i — 1, . . . , m. Repeated application of p. 6ft yields (|3 . 1 [> . 

([u]) Let I be the length of the edges of Q. Let Q\ and Q2 be congruent (n — 1)- 
dimensional cubes contained in F. The boxes Ri = TT^ 1 (Qi) have diameter at least 
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I and the distance between them is at most diamF < y/n— 11. By (|3.ip we have 

A -rn < K#KQl) < A m^ m = [^~[\ + \ 

7T # /i(Q 2 ) 

The statement follows by letting diam(<3i) — > 0. □ 



Lemma 13.11 implies that any isotropic doubling measure on l n vanishes on sets 
of (n — l)-dimensional measure zero. The following lemma is the main step in our 
proof of Theorem 1 1.51 

Lemma 3.2. Let f : R" — > R n be a nonconstant 5-monotone mapping, n > 2. 
There exists C > 1 suc/i i/iai /or any rectangular box R C R™ 

(3 2) c -idiam(/(fl)) < 1 f p^H^^ < c diam(/(fl)) 



diam(i?) ~ C n (R) J R U w " w_ diam(i?) 
iJere C depends only on 5 and n. 

Proof. Without loss of generality we may assume that 

R = {x : Vi < Xi < ai}, where <Xi > a 2 > • • • > a n . 

We use ei, . . . , e„ to denote the standard basis vectors in R n . Let 7r(xi, X2, . . . , x n ) — 
(0, X2, ■ ■ ■ , x„) be the orthogonal projection onto the linear span of e%, . . . , e n . Fix 
z G 7r(i?) for now. Since / is quasisymmetric, it follows that 

\f{z + a x e x )- f{z)\ >cdiam/(fl) 

where c depends only on 5 and n. On the other hand, Definition 1 1 . 21 implies that the 
image of the line segment tt^ 1 (z) n R under / is a rectifiable curve of length at most 
5~ 1 \f(z + aiei) — f{z)\, which is in turn bounded by S^ 1 diam/(i?). Therefore, 

(3.3) cdiam/(i?)</ \\Df(z + tei)|| df < cT 1 diam/(i?). 

Jo 

Integrating (|3.3j) over z G n(R), we obtain 

cdiam/(i?) JJai < / ||.D/(x)|| d£ n (x) < iT 1 diam/(i?) J|a,. 

i=2 i=2 

Dividing the latter inequality by C n (R), we arrive at (|3.2[) . □ 

Proof of Theorem 11.51 . By virtue of Lemma 13.21 it suffices to prove that the ratio 
diam/(i?i)/ diam/(i?2) is uniformly bounded for any congruent boxes R\ and R2 
with Ri (~l i?2 7^ 0- Let d = diami?i and pick a point y G R\ n i? 2 . There exists 
z G i?2 such that |y — z| > d/2. For any x G R\ we have 



where 77 is the modulus of quasisymmetry of /. Therefore, 

diam/^) < 277(2)1/(2) - f(y)\ < 2 V (2) diam/(fl 2 ) 
as required. □ 
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Theorem 11.51 provides a large family of isotropic doubling weights. Indeed, for 
any set E C R" of Hausdorff dimension dimE < 1 one can find a <5-monotone 
mapping /: R™ — > R™ such that \\Df\\ has essential limit at every point of E (see 
Theorem 5.6 [15] and Theorem 17 [14]). 

Let Q and 1Z denote the sets of arbitrarily oriented cubes (resp. rectangular 
boxes) of diameter at most 1. To a Radon measure \i on R™ we associate two 
maximal functions 

M Q t i(x) = su P { M (Q)/£"(Q) : x e Q G Q}; 
M n p,(x) = sup{n(R)/£ n (R) : xe ReU}. 
Obviously M Q fi(x) < M n ^{x) for all x G R n . 

Lemma 3.3. If p, is an isotropic doubling measure on R™, then there exists C > 1 
sucA that M n p(x) < CM Q [i{x) for all 

Proof. Fix x G R™. Given a box R G 72. containing x, find a cube Q such that 
Rc Q, the edges of i? and Q are parallel, and the edges of Q have the same length 
as a longest edge of R. Although in general Q ^ Q, the diameter of Q cannot 
exceed s/n. Lemma O flu) implies p(R)/£ n (R) < C^{Q)/C n {Q). The doubling 
property of /i and the definition of A4 S yield n(Q)/£ n (Q) < CM Q (x). □ 

Lemma 13.31 and [211 p. 5] imply that the maximal operator M.^ satisfies weak 
(1,1) and strong (p,p) estimates when restricted to the linear span of isotropic 
doubling weights with the same doubling constant. In [1] Theorem 1.4] the operator 
A4 n was proved to be bounded on certain Besov spaces. Neither Lemma T3.3I nor 
Theorem 1.4 pQ imply each other. 

Example 3.4. The weight w(x) — \x\ p , x G K ra , is isotropic doubling if and only 
if p > — 1. Since the isotropic doubling condition is preserved under addition 
and weak* convergence of measures, for any Radon measure fi on R" and any 
7 G (n — 1, n) the Riesz potential I 7 /i is isotropic doubling unless I 7 /x = oo. 

Proof. Let fi p be the measure \x\ p d£ n (x) , and let 

Ri = {x G R" : \xi\ < 1; Vi > 1 \x,\ < e}, 

R 2 = {x G R™ : [ai! - 2| < 1; Vi > 1 |x t - 1| < e}. 

If — n < p < — 1, then p p (Ri)/e n ^ 1 — > oo as e — * 0. Indeed, |x| < v^^i whenever 
.ti > for all i > 1. The latter holds in particular when x G i?i and xi > e. 
Therefore, 

l^ll > n P/ 2 I' x p d Xl ^ oo, e^O. 

£ n-l - 1 

Since /Lt p (i?2) < 2"e" _1 , by Lemma l3~T1 (fiif the measure /i p is not isotropic doubling 
in the range —n < p < — 1. The sufficiency part follows from Theorem 1 1.51 Indeed, 
for p > —1 the mapping f p (x) = \x\ p x is (5-monotone by Proposition 16 in [14] . By 
Theorem ll.5l || Df\\ is an isotropic doubling weight. Since ||7J/ P || is a p- homogeneous 
radially symmetric function, it coincides with a constant multiple of \x\ p . □ 

Given two points a, 6 € R™, let [a, 6] denote the segment {Aa+(1 — A)6: A G [0, 1]}. 
A set A C R" is uniformly linearly non-convex (ULNC) if there exists r > such 
that the following holds: To each pair of distinct points a, b G A there corresponds 
c G [a, 6] such that B(c,r\a — b\) A = 0. [25] The following lemma contains an 
equivalent definition of ULNC sets. 
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Lemma 3.5. Suppose that A C R™ is ULNC with a constant t > 0. Let r' = 
t/(2+2t). Then to each pair of distinct points a, 6 G R™ there corresponds c G [a,b] 
such that B(c,t'\cl — b\)nA = 0. 

Proof. Without loss of generality we may assume that \a — b\ = 1. Suppose that 
there are points a',b' € A such that \a! — a\ < r' and \b' — b\ < r'; otherwise we 
can set c = a or c = 6. Since |a' — 6'| > (1 — 2r'), there exists c' £ such 
that B(c',r(l — 2r')) is disjoint from A. Each point of the segment [a', b'] is at 
distance at most t' from a point of [a, 6], Therefore, there exists c € [a, b] such that 
|c — c'| < t'. The closed ball with center c and radius 



Proposition 3.6. Let A C R" be a nonempty ULNC set. Given p > 0, define 
w(x) = dist(x,^4) p for x G R n . The weight w is isotropic doubling. 

The proof is preceded by a lemma. 

Lemma 3.7. A continuous weight w G C(R n ) is isotropic doubling if and only if 
there exists a constant C such that 



for all points Xq £ R" and all vectors v, v' G R" such that \v\ = \v'\ > 0. Moreover, 
the constant A in (|1.6[) depends only on C in (|3 .4[) . 

Proof. If w is continuous and isotropic doubling, then (|3 .4|) follows by applying (jl.6|) 
to two thin rectangular boxes containing the segments {xq + tv: < t < 1} and 
{x + tv' : < t < 1}. Conversely, suppose that (|3.4[) holds. Let i?! and i? 2 be 
congruent boxes with nonempty intersection. Let d be the length of a longest edge 
of Ri. If Li C Ri is a segment of length <i connecting two opposite faces of Ri, then 
i?i is contained in the closed \/n— ld-neighborhood of Li for each i G 1,2. This 
implies dist(Li, L2) < 1\Jn — Id. For an integer > — 1 + 2 we can find a 
sequence of segments h, . . . ,In of equal length such that h — L±, In — L2, and U 
shares an endpoint with U+\ for i = 1, . . . , N — 1. A repeated application of (|3.4|) 
yields 



Since the box Ri is foliated by segments such as Li, inequality (|1.6[) holds with 




is disjoint from A, as required. 



□ 



(3.4) 





A = C 



□ 



Proof of Provosition \3.6\ . If dist(xo, A) > 2|v|, then 




If dist(a;o,^) < 2|u|, then 
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Using Lemma 13.51 wc obtain the reverse inequality 

1 X VP 

w(xo + tv) dt I > c\v\, 

where c > depends only on r in the definition of a ULNC set. By Lemma [3771 the 
weight w is isotropic doubling. □ 

Remark 3.8. Theorem 11.51 admits no converse, that is, there exist isotropically 
doubling weights that are not comparable to ||-D/|| for any <5-monotone mapping 
/. This follows from the results of Semmes [18] and Laakso [16], who constructed 
compact ULNC sets AcK™ such that for some p > the weight w(x) := dist(a;, A) p 
is not comparable to \\Df\\ for any quasiconformal mapping /: R" — > R n . By 
Proposition 13.61 the weight w is isotropic doubling. The example of Scmmcs is a 
form of the Antoine's necklace, and requires n > 3 (see the proof of Theorem 1.10 
in [18). The example of Laakso is two-dimensional 16, Theorem 1.7]. The fact that 
the sets considered by Semmes and Laakso are ULNC follows from Theorem 3.3 
in [25] . 

Remark 3.9. Buckley, Hanson and MacManus considered several stronger versions 
of the doubling condition in [5], but our Definition 1 1 . 41 does not appear to be directly 
related to any of them. 

4. The Monge-Ampere measures 

The main purpose of this section is to point out a consequence of Theorem 11.51 
for convex functions on R™. Let u: R" — > R be a convex function, n > 1. The 
subdifferential of it at a point z £ R" is the set 

du{z) = {peK": u{x) > u{z) + (p,x- z) Vx £ R™}. 

The convexity of u implies du(z) ^ for all a; £ R™. The function u is differentiable 
at z £ R™ if and only if du(z) is the one-point set {Vu(z)}. Given z £ 1™ and 
p £ du(z), let 

u z,p( x ) = u{x) — u(z) — (p, x — z), x £ R". 

The section [HI p. 45] of u with the center z £ R n , direction p £ du(z), and height 
t > is defined as 

S u (z,p,t) = {x £ R" : w 2:P (a;) < i}. 

If w is Gateaux differentiable at z, then we write u z instead of u z y u ^ z y The 
Monge-Ampere measure associated with u is defined by fi u (E) — C n (du(E)) for 
every Borel set E C R ra . Note that adding an affine function to u does not change 
[i u . If u £ C 2 , then /i M is absolutely continuous with the density det D 2 u(x), where 
D 2 u is the Hessian matrix of u. 

Definition 4.1. |TS] A convex function u: R n — > R has round sections if there 
exists a constant r S (0, 1) such that for every z £ R™, p € du(z) and £ > 

(4.1) B(z, tR) C t) C B(z, R) 

for some R £ (0, oo). 

Proposition 4.2. //a convex function u: R" — > R /ia,s round sections, then \ \D 2 u\\ 
is an isotropic doubling weight. 
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Proof. First, consider the case n = 1. By Theorem 3.1 p~5] and Remark 3.3 [15] 
u is continuously differentiable and Vu: R — > R is quasisymmctric. If / and J are 
adjacent intervals of equal length, then fJ. u (I) < 77(1) («/) , where 77 is as in 11.51 
Thus fi u is doubling, which in one dimension is the same as being isotropic doubling. 

Next, assume n > 2. By Theorem 3.1 [15] u is continuously differentiable, and the 
gradient mapping Vu: R n — > 1" is quasiconformal. Since the change of variables 
formula applies to quasiconformal mappings [26} Theorem 33.3], we have 



^ U {E)= [ det D 2 u{x)dC n {x), E C R" 

J E 



measurable. 

1 E 

Quasiconformality also implies that det D 2 u is comparable to ||D 2 w|| n up to a mul- 
tiplicative constant. By Theorem 14 [14] the gradient Vit is a 5-monotone mapping, 
hence ||-D 2 u|| is isotropic doubling by Theorem 11.51 □ 

Remark 4.3. The mapping / M defined by (jl.ip is the gradient of the convex function 
(4.2) »„(*):=/ (l^-^|-N + %rl W 



Indeed, for all x, Z G 



|x-z| |z| 

where the subgradient is taken with respect to x. Therefore, / M (x) e dv^x) for all 
a; G R™. The continuity of /y, implies that v^x) is differentiable and Vv M = / M . 

If the gradient of a convex function is quasisymmetric, then it is ^-monotone by 
Lemma 13 in [13]. This together with Remarks 12.31 and 14.31 indicate that condi- 
tion (|2.ip is close to being best possible for the quasiconformality of / M in Theo- 
rem [2UJ 

5. Singular isotropic doubling measures 

It is well-known that doubling measures on K™ can be supported on sets of 
arbitrarily small positive Hausdorff measure ([3] and [22] p. 40]). This is not true 
for isotropic doubling measures in dimensions n > 2 by Lemma 13.11 (JTTJ) . In this 
section we prove Theorem 11.61 which shows that isotropic doubling measures can 
be singular with respect to C n . We will use the following notation: #A is the 
cardinality of a finite set A, a V b = max{a, 6}, a A b — min{a, b}. 



Proof of Theorem 11.61 . Let us introduce a sequence of vectors 

w k ._ 4n fe 2 ^ 4 fc )4 2fe )4 3fe j ...^nfc) eR n k= 1)2) 

For k > 1 define 



Afe(x) = 1 + icos((x,w fc )), iel". 



and 



A m(^) = n Afc ( X )- 

fe=l 

We shall obtain a singular isotropic doubling measure /x as the weak* limit of a 
subsequence of {A m (x)dC n (x) : m > 1}. The proof involves several steps. 

Step 1. Existence of ji. For each m the weight A m is 27r-periodic in all vari- 
ables. Let Q = [— K,7r] n . Clearly /„ A x (a;) d£ n (x) = (2tt)™. For to > 2 we obtain 
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Jg(A m — A m _i)c££™ = by integrating in x n over the interval [— n, n] and using 
the orthogonality of the trigonometric family. Therefore, Jq A m dC n — (27r) n for 
all to > 1. Choose a subsequence of A m (x) dC n {x) converging in the weak* sense 
to a (27r)-periodic measure n with fi(Q) = (2ir) n . 

Step 2. Lipschitz estimates. Since the Euclidean norm of w satisfies 

(5.1) ^n(k 2 +k) < | w fe| < 2 . 4 n(fe 2 + fe) ; 

Afc is a Lipschitz function with the constant L k := 4 n ( fe +fe '. Therefore, for any 
x, x' £ M. n we have 

(5-2) > —— ±£ > 1 - 2L k \x - x'\. 

X k (x) 1/2 + L k \x - x'\ 

Multiplying (|5.2p over k = 1, . . . , to yields 

(5.3) -^fi > " 2£fc|z - > 1 - 2\x - x'\ Y,L k >l- 3L m \x - x'\ 
provided that 3L m \x — x'\ < 1. Thus 

(5.4) l-3L m \x-x'\ < < (l-'iL m \x-x'\)-\ \x-x'\< ' 



Step 3. Singularity of fi. Given x £ R n and r > 0, let Q(x,r) denote the cube 
{y £ K": \/i \xi — yi\ < r}. To prove that fj, is purely singular, it suffices to show 
that 

(5.5) liminfr" , V(<2(x,r)) = for a.e. x £ R™. 

r— *0 

For a.e. a; S K™ we have lhrim^oo A m (x) = by [35J P- 209]. Fix such a point x. For 
to > 1 let r rn = 4-™( m + 1 ) 7]-. Note that the functions A^, k > to, are 2r m -periodic 
in each variable. Using orthogonality as in Step 1, we obtain 



ti(Q(x,r m )) = A m {x)dC n (x). 

JQ(x.r m ) 

For every y £ Q(x,r m ) we have 

3L m \x -y\ < 3 • 4™( m2+m )VH4- Tl (" l+1 > 2 7r -> asm^oo. 

Therefore, sup{A m (y): y £ Q{x,r m )} — * as to — > oo. This proves (|5.5D . 

It remains to prove that A m satisfies (11.61) with a constant independent of to. 
Consider a segment L given by the parametric equations x = xo + tv, < t < 1, 
of length r = \\v\\ > 0. Set K = max{/c > 1 : 4 nfc < 1/r} or if = if no such k 
exists. Our goal is to show that 

Kl\m 



/ A m ds^rJ[ (l + -cos((x ,w fe )) 



(5.6) 

J t " k=i 

where ~ indicates that multiplicative constants in the estimate depend only on n. 

n 

The estimate (|5.6I) implies (|1.6I) by Lemma [3~71 

S'tep 4. Low- frequency terms. J£ K > 2, then the terms A/j with 1 < k < K — 1 
are essentially constant on L. Indeed, (|5.1[) implies 

(5.7) | («, w fc ) | < 2r4™( fc2 + fc ) < 2 • 4~ nK . 



DOUBLING MEASURES, MONOTONICITY, AND QUASICONFORMALITY 



15 



This implies that for all < t < 1 and all 1 < k < K — 1 we have 

\X k {x +tv)-X k {x )\ <4- nK , 

hence 

1 - 2 ■ i- nK < Afc( *° + * V) < 1 + 2 ■ A- nK . 
Taking a product over k = 1, . . . , K — 1 yields 

(5.8) (1 - 2 ■ A-^f- 1 < TT Afc(x " +fa) < (1 + 2 ■ 

A fc (a; ) 

Since 

(1 - 2 • 4T nK ) K - x >1-2{K- l)4- nK > - 

and 

(1 + 2 • < (i _ 2 • 4- nK )i~ K < 2, 

inequality (|5.8|) implies 

x , mA(Jf-i) . 1 

- A m ds<r Yl U + ^cos((x ,w k )) 

(5.9) L fc=1 

x / TT (l + -cos((x +tv,w k ))\ dt<2 A m ds. 

J ° k=rnA(K-l) ^ 2 J JL 

The estimate (|5.9p proves (I5.6P in the case m < K + 1. 

Step 5. High-frequency terms. For the rest of the proof we assume to > K + 2. 
Let v* = |i>2|) • • • > \v n \) be the vector whose components are the absolute values 
of the components of v. Introduce two sets of integers depending on v: 

G= jif + 2 < k < to: \(v,w k )\ > ^(v*,w k ) 

B = {K + 2 < k <m: k G} . 
For every k G G the restriction of X k to L is rapidly oscillating, because 

n 

(5.10) \(v,w k ) \ > 4 nfc2 - 1 ^ 4 ifc |ui| > 4 ,ife2+ ' £ ~ 1 |t>| > 4«fc 2 +fc-i 4 -«(^+i) 2 > 4^. 

i=i 

Furthermore, if A: S G and fe > Z > 1, then the restriction of X k to L has period at 
least 4 nk times smaller than the period of the restriction of A; : 

n n 

(5.11) \(v,w k )\ > 4™ fe2 - 1 ^4 ifc |^| > 4 n ( fe2 - i2 )- 1 ^4 n ' 2+li |w l | > 4 nk \(v,w l }\. 

i=i 1=1 

We have chosen the vectors w k so that #5 is bounded by a constant depending 
only on n, by Lemma l5.2l b elow . Hence 

m 

(5.12) 11 X k (x) w [] A fc (ar), xel" 
fe=if fceG 

Observe that 

(5.13) J| (l + ^cos{(x + tv,w k ))j = 1+ 51 ^jY[ cos (( x o+tv,w k )). 

fcSG ^ ' ACG, A^0 keA 
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Converting the trigonometric product into a sum, we obtain 

Y[ cos((x + tv, w k )) = E cos ( E ±(x + tv, w k ) J , 

keA ± \keA I 

where the exterior sum is taken over all 2# A choices of the ± signs. Using (|5.11|) . 
we find that for any choice of the signs 



where max A is the maximal element of A. Therefore, 

< 31 (v.w^^r 1 < 3-4" 



f Y\_ cos((x +tv, w k ))dt 

Jo k&A 



where the last inequality follows from (|5.10[) . For any I E G there exist at most 
2i-K-2 nonem pty subsets A C G such that max^4 = I. Thus we can estimate the 
righthand side of (|5. 13|) as follows. 



(5.14) 



E 

ACG, A^0 



1 

2#^" 



cos((x + tv, w k )) dt 



keA 



ll-K-2 



<3 e 4 ~™' 2 ' 

l=K+2 

<3 E 4-'=4- K - 1 <i. 



l=K+2 



Combining (I5.13|) and (|5.14|) yields 



I*/ nH-« 

Jl> keG v 



x + tv,w k )) ) dt< -, 



which together with (|5.9|) and (|5.12[) imply 



(5.15) 



/ A m ds&r f[ (l + -cos{(x ,w k )) 

J L n k=l ^ 



This proves (J5T6J) , and thereby the theorem. 



□ 



Remark 5.1. The above construction is not symmetric with respect to the variables 
x\, . . . ,x n . This feature of /1 will be used to prove Theorem 11.71 But one can 
construct a more symmetric singular measure v = T^fi, where T G {x\ , . . . , x n ) = 
(aVm, . . . , a; CT ( n )) and the summation is over all permutations of n elements. The 
isotropic doubling condition is obviously preserved under addition of measures. 



Now we prove Lemma l5?2| which was used in Step 5 of the proof of Theorem ll.6l 
with parameters q — 4 and e = 3/4. 

Lemma 5.2. Let (v\, . . . , v n ) be a nonzero vector in W 1 , where n > 2. Given q > 1 
and e £ (0, 1), define 



B{q,e) = < k e Z: 



E^ 



1 _IL 
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Then 

(5.16) #B(q, e) < n{n - 1) 

Proof. We claim that 
(5.17) 



log((n - l)/e) 
\ogq 



B(q,e)C |J Aij, 

l<i<j<n 



where 



4 = UeZ:^<C^<^ 1 



n — 1 I I 



if Uj 7^ and Ay = otherwise. Indeed, suppose that k G Z \ Ui<i<j<ri ^u - Let 
m be such that is maximal when i = m. Then 



5>% 



> 



g mfe KI-^9 ife kl>(i- £ ; 



? mfe k 



while on the other hand 

n 

Y> ifc k-| <3 mfc KI + (n-l)^-g mfe |« m | = (l+e)<r fc KI- 

i=l 

Thus k 7^ -B((?, e), which proves (|5.1T[) . It remains to estimate the cardinality of the 
sets Ay, 1 < i < j < n. We may assume that Vj ^ 0, for otherwise Aij is empty. 
Since 

I £ \V ' 71 — 1 

A„ = I k G Z: log 7 < fc(i - j) log? + log f4 < log 



77- 1 



it follows that 



#A .. < 21og(^-l)/e) < 2Iog((n - l)/e) 



I* — il logg 

which after summation yields (|5.16|) . 



log g 



□ 



Question 5.3. Is it true that every isotropic doubling measure on 1™ is absolutely 
continuous with respect to the s-dimensional Hausdorff measure for all s < n? 



Lemma |3. II ([TT]) gives an affirmative answer to Question l5.3l in the case s < n — 1. 



6. Bl-LlPSCHITZ TRANSFORMATIONS 

A mapping / : R" — » M n is called bi-Lipschitz if there exists L > 1 such that 
£ _1 |a:-v| < |/(x)-/(y)|<Z|x-y| 

for all x, y G M n . It is easy to see that the doubling condition is invariant under 
bi-Lipschitz mappings. In contrast, Theorem 1 1 . 71 asserts that the isotropic doubling 
condition is not bi-Lipschitz invariant in dimensions n > 2. Its proof is preceded 
by a definition and a lemma. 

Definition 6.1. An unbounded Jordan curve r C I 2 is a chord-arc curve if there 
is a constant C such that for any two points a, b G T the part of T bounded by a 
and b has length at most C\a — b\. 



Given a set A c W 1 and e > 0, we define N £ A = {iei": dist(x, A) < e}. 
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Lemma 6.2. Suppose that \x is a Radon measure on W n ) n > 2 such that for 
every bi-Lipschitz mapping f: R™ — ► R™ the pushforward measure f#n is isotropic 
doubling. Then for any chord-arc curve T : K — > R 2 C R™ and any bounded subarc 
V C r we have 

(6.1) < liminf e 1_n /i(iV e r') < limsupe 1_n /i(iV e r / ) < oo. 

Proof. There exists a bi-Lipschitz mapping g: R 2 — > R 2 that transforms T into 
the real axis, see O p. 89] or [13, Proposition 1.13]. Let /: R" -> R" be the 
bi-Lipschitz extension of g that acts trivially on the remaining (n — 2) coordinates. 
Let L be a bi-Lipschitz constant of /. Note that 

iv £/i /(r') c f(N e r') c iv Le /(r'), 

and /(r') is a line segment. Lemma 13. II (pi]) implies that for any line segment I the 
quantity e 1 ~ n n(N £ I) remains bounded away from and oo as e — > 0. □ 

Proof of Theorem 11.71 . We use the notation of Theorem 11.61 Define a sequence of 
nonnegative functions on R as follows: ho(t) = —t for all t € R, 

(6.2) h k (t) =min{s> h k -i(t): X k (t,s,0, ...,0) = 3/2} for fc > 1. 

Note that X k (t, s,0, . . . ,0) = 3/2 precisely when cos(4 nfc2+fc (£ + 4 fe s)) = 1. There- 
fore, h k is a decreasing piecewise affine function such that h' k (t) = — 4~ fe at the 
points where h k is continuous. Also, 

(6.3) < h k {t) - h k -i{t) < 27r4-" fc2 - 2fc , *€». 

Therefore, the limit h = lim^oo h k is a decreasing function on R. Using (16. 3p and 
the Lipschitz property of we find that for any 1 < k < I we have 

A fc (i, 0, . . . , 0) > X k (t, h k {t), 0, . . . , 0) - 4™ fc2+2fc (^ (t) - hk(t)) 

^ 6 ' 4 ) > - - 27r4" fc2+2fe 4-™J 2 -2i > ^ 4 -2nfe 

~ 2 4^ ~ 2 

j=k+i 

Therefore, A k (t, h(t), 0, . . . , 0) — > oo as fc — * oo uniformly in t 6 I. Let T be the 
curve obtained from the graph of h by filling the gaps at the points of discontinuity 
with vertical segments. Since h is a decreasing function, T is a chord-arc curve. Let 
G' = Gn {(x,y): \x\ < 1}. 

In view of Lemma 16.21 it remains to prove that 

(6.5) limsup£-V(iV £ r') = oo 

Pick a large positive integer K and let s — A~ nI<2 . For any line segment L of length 
e we have 



(6.6) / A m ds w e max Ax, m>K 



L 



by virtue of (|5.6p . For segments L at distance less than e from the graph of h, the 
righthand side of (|6.6p is large by the Lipschitz estimate (|5.4[) applied to A^-i- 
Letting if — ► oo we obtain (|6.5p . □ 
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